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Several application domains are inherently structural; relevant data cannot be
represented as a single table without significant loss of information. The development of
predictive models in such application domains becomes a challenge as traditional
machine learning algorithms which deal with attribute-valued data cannot be used. One
approach to develop predictive models in such domains is to represent the relevant data
as labeled graphs and treat subgraphs of these graphs as features on which to base the

predictive model.

The general area of this research is the development of predictive models for
such application domains. Specifically, we target application domains which are readily
modeled as sets of separate graphs (rather than a single graph) and on the tasks of
binary classification and regression on such graphs. An example would be learning a
binary classification model that distinguishes between aliphatic and aromatic
compounds or a regression model for predicting the melting points of chemical

compounds.



The contributions of this work include a comprehensive comparison of current
approaches to graph classification and regression to identify their strengths and
weaknesses, the development of novel pruning mechanisms in the search for subgraph
features for the graph regression problem, the development of a new algorithm for
graph regression called gRegress and the application of current approaches in graph
classification and regression to various problems in computational chemistry. Our
empirical results indicate that our pruning mechanisms can bring about a significant
improvement in the search for relevant subgraph features based on their correlation
with each other and the target, sometimes by an order of magnitude. Our empirical
results also indicate that gRegress address a key weakness in the current work on

graph regression namely, the need for a combination of linear models.
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1. Introduction

This chapter presents an introduction to the graph classification and regression
problems. Before we introduce the formal definitions of these problems, we present a

background on the subject.

The twenty-first century has seen an explosion of data in almost every field of
human endeavor. As the amount of data grows, it becomes impossible for domain
experts to analyze the data manually. To address these problems, machine learning
and data mining techniques have found their way into a variety of application domains
and in a number of cases have become indispensible research tools. The characterizing
aspect of initial research in machine learning and data mining was the focus on
developing models from attribute-valued data. Attribute-valued data is data represented
as a single table consisting of a number of examples, each associated with a number of
attributes and the values of these attributes. While techniques dealing with attribute-
valued data are effective in many domains they present a problem when applying them

to problems from domains that are inherently structural.

The general area of this research is dealing with such application domains.
Specifically, we target application domains which are readily modeled as sets of
separate graphs (rather than a single graph) and on the tasks of binary classification
and regression on such graphs. An example would be learning a binary classification
model that distinguishes between aliphatic and aromatic compounds or a regression

model for predicting the melting points of chemical compounds.



1.1. Formal Definitions

Our graphs are defined as ¢ = (V,E,L,L), where V is the set of vertices, ECV x V is
a set of edges, L is the set of labels and L is the labeling function £L:V UE — L.
The notions of subgraph (denoted by G < G'), supergraph, graph isomorphism (denoted
by G = G') and subgraph isomorphism in the case of labeled graphs are intuitively
similar to the notions of simple graphs with the additional condition that the labels on

the vertexes and edges should match.

Given a set of examples E = {(X1,Y;), (X3, Y2), ... (X,,, ¥,)} where X; are labeled
graphs and Y; € {+1,—1} which represents the class, the graph classification problem
is to induce a function which predicts the class from the labeled graph for unseen

examples.

Given a set of examples E = {(X,Y;), (X3, Y2), ... (X,,, ¥,)} where X; are labeled
graphs and Y; € R which represents the output value, the graph regression problem is
to induce a function which predicts the output value from the labeled graph for unseen

examples.

1.2 Key Issues in Graph Classification and Regression

Given the formal definitions of the graph classification and regression problems we can
now indentify the key issues involved in developing solutions for these problems. The
purpose of identifying these issues is to present the contributions of this research which

are presented in the next section, in perspective.

Figure 1 illustrates a set of toy examples for the graph classification or

regression problem. Given that the predictive models are to be based on subgraph



features, we must take a note of the search space of features for these examples.
Figure 2 shows all the subgraphs for the toy example. It is easy to see that this search
space is exponential both in the size of the examples and the number of examples. A
key issue in addressing the graph classification and regression problems is how this
feature space is to be ordered. Figure 3 illustrates a simple ‘is-subgraph-of’ ordering of
the feature space. Given such an ordering, the next issue is how this search space is to
be searched so as to maximize a particular measure and how it might be possible to
prune sections of this search space. Figure 4 shows how the search space might be
drastically reduced by pruning mechanisms. Finally, after good features are identified,
there is the issue of developing a predictive model based on these features. Figure 5

shows a simple, weighted, threshold based model for classification.

LI

Examples

Figure 1. Examples for the Graph Classification or Regression Task
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Figure 4. Pruning the Feature Space
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Figure 5. Building the Model based on Selected Features

1.3. Contributions

We now present a brief overview of the contributions of our research which are
categorized as theoretical, empirical and application oriented.

1.3.1. Theoretical

1.3.1.1 Pruning Mechanisms for Feature Search



We developed a novel class of pruning mechanisms for searching the space of
subgraph features. These pruning mechanisms are independent of the model building

step and be applied to a number of approaches to graph classification and regression.

1.3.1.2 gRegress: Algorithm for Graph Regression

We developed a novel algorithm for graph regression called gRegress. Our algorithm
outperforms previously introduced algorithms on graph regression and represents the

current state of the art in graph regression.

1.3.1.3 Faster Computation of Walk-based Kernel

We develop an alternative approach for the computation of the Walk-based kernel for
graph classification. Although this approach was not able to outperform the current
approach for the computation, it is an interesting direction in the faster computation of

graph kernels.

1.3.2. Empirical

1.3.2.1 Strengths and weaknesses of graph classification algorithms

We conducted a comprehensive comparison of the major approaches to graph

classification and identified the strengths and weaknesses of these approaches.

1.3.2.2 Pruning mechanism can drastically improve run times

We conducted a performance study of our pruning mechanisms and demonstrated that
pruning mechanisms can drastically improve the running time of graph regression

algorithms.

1.3.2.3 Certain problem domains need multiple linear models



We demonstrate that certain problems domains with respect to graph regression, in a
sense, require multiple linear models. Models which are at their core based on single
linear function perform poorly as compared to models based on combinations of linear

models.

1.3.2.4 Structure can improve performance of regression models

We demonstrate that in certain cases, incorporating structural features can drastically
improve the performance of predictive models as compared to models based only on

attribute valued features.

1.3.3. Applications

We successfully applied our observations, approaches and algorithms to various
classification and regression problems from the domain of computational chemistry with

promising results.

1.4. Organization of the Thesis

The rest of the document is organized as follows. Chapter 2 surveys the related work on
the graph classification and regression problems. Chapter 3 introduces pruning
mechanisms for the feature search in graph classification and regression. Chapter 4
discusses the gRegress algorithm and presents an empirical comparison of the
gRegress algorithm with other approaches to graph regression. Chapter 5 presents a
comprehensive empirical comparison of graph classification algorithms. Chapter 6
presents an alternative approach for the computation of the walk-based kernel. Chapter

7 presents the conclusions and the future work.



2. Related Work

Learning from structured data such as graphs, first-order logic and relational databases
emerged as a sub-field of machine learning and data mining and received a significant
amount of attention by researchers in the time period between 1989 and 2009. The
distinguishing aspect of this body of research from previous work in machine learning
and data mining was that it considered the relationships between entities in the
development of predictive models. This body of research has produced a variety of
tasks, approaches and algorithms to address these tasks and the application of these
approaches to real-world problems with promising results. Here, we first present a brief

overview of this work and then survey the particular literature relevant to this research.

We begin by making the following observations about learning from structured
data.

1) Learning from structured data requires the expansion of the hypothesis space to
include structural features.

2) Learning from structured data requires the expansion of the hypothesis space to
include semantic features over structures.

3) Learning from structured data must consider the violation of the independent and
identically distributed (1.1.D) assumption and revisit traditional machine learning

algorithms.

Based on these observations, three major categories of models, approaches and

algorithms have emerged. The first major category of models, approaches and



algorithms is Inductive Logic Programming. The distinguishing aspect of this category is
the use of first-order logic both for the representation of structured data as well as the
induced models. Cheng et al. [7] survey all the major developments in this category.
The major strength of this category is its rich semantic power and its major weakness is
its computational complexity which restricts the induction of models with large structures

[51].

The second major category of models, approaches and algorithms is Structural
Relational Learning. The distinguishing aspect of this category is the identification,
correction and exploitation of biases that cause pathological behavior in traditional
machine learning algorithms when the assumption that the examples are independent
and identically distributed (1.1.D.) is violated, as in the case of structured data. Getoor et
al. [59] survey all the major developments in this category. The major strength of this
category is the significant improvement of traditional machine learning algorithms when
applied to structural data and its major weakness is that complicated structural features
are not captured by these models which typically use simple aggregation to generate

structural features.

The third major category of models, approaches and algorithms is Graph Mining.
The distinguishing aspect of this category is the use of a graph-based representation of
structured data and the use of rich structural features like subgraphs in model building.
Cook et al. [53] survey all the major developments in this category. The major strength

of this category is that models can capture large structural features and the major



weakness of this category is the lack of formal semantics and the add-hoc nature of the

developed models [51].

The work conducted in our research belongs to the third category (Graph Mining), on

which we now present a brief overview.

2.1. Graph Mining
The key tasks researched in Graph Mining are Frequent Subgraph Mining, Graph
Classification, Graph Regression and their variants. We now present a concise

overview of the same.

2.2.1. Frequent Subgraph Mining

The specific problem of mining frequent subgraphs was initially formulated in the work
done by [19], [22]. Significant improvements were made by introducing canonical
labeling with DFS codes in the work done by [28]. The algorithm introduced in this work
called gSpan, remains to date, one of the best algorithms for the task. A novel form of
canonical labeling using CAMs (canonical adjacency matrices) was introduced by [36].
The intuition is that the algorithm introduced in this work, FFSM, will outperform gSpan
when the size of the graph transactions is large. This is because unlike gSpan, FFSM
does not have to perform subgraph isomorphism to check the presence of a subgraph
in graph transactions; this can be checked by operations on embedding lists of
subgraphs when a new subgraph is generated by operations on CAMs. However,

operations on embedding lists are quite costly so in the case of moderately sized graph
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transactions performing subgraph isomorphism might turn out to be cheaper and gSpan
may perform better. Gaston [43] is another novel approach to the task which is based
on the observation that most frequent graphs are not actually graphs but paths and
trees. Searching for paths first, then trees and then finally graphs, the so called quick
start, is a better way to organize and search the space efficiently. Various frequent
subgraph mining algorithms are experimentally compared in the work done by [58] and
[48]. Experimental results show that gSpan, FFSM and Gaston are the top performing
frequent subgraph mining algorithms but none of them is clearly better than the other. A
theoretical analysis of canonical labeling forms has been conducted in [46] and shows
how the seemingly diverse canonical labeling systems in fact belong to the same

general family of canonical forms.

Related to the task of frequent subgraph mining are tasks like mining closed
frequent graphs [38], mining geometric subgraphs [60], maximal frequent subgraphs
[41], induced subgraphs [28], trees [29], and the more recent work on mining from
tenuous outerplanar graphs [56]. The work on outerplanar graphs is extremely
significant from a theoretical standpoint as it is the only known class of graphs
beyond trees for which frequent subgraph mining can be performed in incremental

polynomial time.

2.2.2. Graph Classification

We now survey all the major approaches to graph classification.

11



2.2.2.1 SubdueCL

The SubdueCL algorithm [25] is the pioneering algorithm for the graph classification
problem. The key aspect of the algorithm is the greedy, heuristic search for subgraphs
present in the positive examples and absent in the negative examples. The hypothesis
space of Subdue consists of all the connected subgraphs of all the example graphs
labeled positive. Subdue performs a beam search which begins from subgraphs
consisting of all vertices with unique labels. The subgraphs are extended by one vertex
and one edge or one edge in all possible ways, as guided by the input graphs, to
generate candidate subgraphs. Subdue maintains the instances of subgraphs (in order
to avoid subgraph isomorphism) and uses graph isomorphism to determine the
instances of the candidate substructure in the input graph. Candidate substructures are
evaluated according to classification accuracy or the minimum description length
principle. The length of the search beam determines the number of candidate
substructures retained for further expansion. This procedure repeats until all
substructures are considered or the user imposed computational constraints are
exceeded. At the end of this procedure the positive examples covered by the best

substructure are removed.

The process of finding substructures and removing positive examples continues
until all the positive examples are covered. The model learned by Subdue thus consists
of a decision list each member of which is connected graph. Applying this model to

classify unseen examples involves conducting a subgraph isomorphism test; if any of

12



the graphs in the decision list are present in the example, it is predicted as positive, if all
the graphs in the decision list are absent it the example, it is predicted as negative.
2.2.2.2 FSG+SVM

The FSG+SVM approach [49], for graph classification involves the combination of work
done in two diverse fields of study, namely, frequent subgraph mining and support
vector machines. The key idea in combining frequent subgraph miners and SVMs in
order to perform graph classification is to use a frequent subgraph mining system to
identify frequent subgraphs in the given examples, then to construct feature vectors for
each example where each feature is the presence or absence of a particular subgraph
and train a support vector machine to classify these feature vectors. The model
produced by this approach thus consists of a list of graphs and a model produced by the
SVM. Applying this model to classify unseen examples involves conducting a subgraph
isomorphism test; a feature vector for the unseen example is produced where in each
feature represents the presence or absence of a graph in the list in the unseen example
and this feature vector is classified as positive or negative by the model produced by the

SVM.

2.2.2.3 CLDT-GBI

The CLDT-GBI [26] approach involves combining aspects of frequent subgraph mining
system GBI [19] and decision trees [4]. The approach induces a decision tree where
every node is associated with a graph and represents an existence/nonexistence test in
an example to be classified. As described before, the GBI system performs a heuristic,

greedy search. In this approach, a variant of the GBI system, B-GBI which deals with

13



overlapping candidate subgraphs is used for feature generation. Broadly speaking, the
approach involves a typical decision tree algorithm except that B-GBI is invoked to
generate features at each node, the gain of each feature is computed on the basis of
how the existence the feature graph splits the examples at that node and this the
procedure is recursively applied until pure nodes with examples only from a single class
are reached. In order to avoid overfitting, pessimistic pruning identical to C4.5 [4] is

performed.

2.2.2.4 Graph Kernels

Another approach to applying SVMs to graph classification is to use graph kernels
which, given two input graph output a similarity measure between the two graphs. This
similarity measure is basically the inner product of the feature vectors of these graphs
over a high dimensional feature space which can be feasibly computed without actually
having to generate the feature vectors. The key work on this approach is the walk-
based (direct-product) kernel [33] and the cycle-based graph kernel [33]. Recently,

another kernel based on random walks on graphs [34] has been introduced.

2.2.2.5 FSG+ADABoost

The FSG+ADABoost [47] approach involves combining aspects of frequent subgraph
miners and AdaBoost [55] in a more integrated way that FSG+SVM approach discussed
earlier. Broadly speaking, the approach involves boosting decision stumps where a
decision stump is associated with a graph and represents an existence/nonexistence

test in an example to be classified.
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The novelty of this work is that the authors have adapted the search mechanism
of gSpan which is based on canonical labeling and the DSF code tree for the search for
such decision stumps. The key idea behind canonical labeling and the DSF code tree in
gSpan is to prune the search space by avoiding the further expansion of candidate
subgraphs that have a frequency below the user specified threshold as no supergraph
of a candidate can have a higher frequency than itself. This idea cannot be directly
applied to graph classification as the objective of the search is not to find frequent
subgraphs but subgraphs whose presence or absence distinguishes positive examples
from the negative ones. The authors prove a tight upper bound on the gain any
supergraph g of a candidate subgraph g can have. Using this result, the proposed
algorithm uses the search mechanism of gSpan, calculates and maintains the current
highest upper bound on gain t and prunes the search space by avoiding the further
expansion of candidate subgraphs that have a gain lower that t. The boosting of these

decision stumps is identical to the meta learning algorithm AdaBoost.

2.2.4. Graph Regression

The problem of developing regression models from graph transactions is relatively new
as compared to the related problem  of graph classification. While the graph
classification problem involves learning to predict the (binary) class of unseen
examples, the graph regression problem involves learning to predict the real valued

output associated with unseen examples.
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The key work on graph regression thus far is that of applying partial least square
regression [68] to the problem. Work related to the task of developing regression
models from graph transactions also includes [61] in which the authors investigate the
search from subgraphs with high correlation for a database of graph transactions. This
work mainly dealt with the task of feature extraction; any attribute valued regression

algorithm could be applied to the extracted features.

2.3. Subgraph Isomorphism
Subgraph isomorphism is fundamental building block of graph mining, many
approaches require performing subgraph isomorphism during the model building phase
and almost all the approaches in graph mining require performing subgraph
isomorphism during the prediction stage (except graph kernels). The subgraph
isomorphism problem is NP-complete [70]. The subgraph isomorphism problem also
has many other applications and has been studied to a great depth by researchers
mainly in computer science and mathematics, and also by researchers in application

specific areas like biochemistry and bioinformatics.

The pioneering algorithm for this task, proposed in [67], consists of a
backtracking search. The large body of literature on this problem can be classified into
two distinct categories. The first would be that of identifying and rigorously formulating
special cases of subgraph isomorphism and establishing (by proof) the complexity class
of such special cases. Examples of such work would be the work done on planar [68]

and outerplaner [69] subgraph isomorphism. The second would be that of identifying

16



special cases of subgraph isomorphism, designing algorithms to address these special
cases and establishing, by experimental comparison, the improvement achieved by the
approach. Examples of such work can be found in [71] and [72].

No major breakthroughs have been achieved in this area and are not to be
expected in the recent future. While the NP-Completeness of subgraph isomorphism
remains an obstacle to the successful application of graph classification and
regression, research in this area will continue to search for tractable

approaches for restricted cases of the problem.
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3. Pruning Mechanisms

In this work we propose pruning mechanisms (in the search) for the task of
extracting subgraph features from graph transactions. Given set of graph transactions
and a real value associated with each graph transaction the task is to extract the
complete set of subgraphs such that

e Each subgraph in this set has correlation with the real value above a user-
specified threshold.
e Each subgraph in this set has correlation with any other subgraph inthe set
below a user-specified threshold.
Our approach, embodied as a modification of gSpan, referred to as gSpanPrune,
incorporates novel pruning mechanisms based on correlation of a subgraph feature with
the output and correlation with other subgraph features. These pruning mechanisms
lead to significant speedup. Experimental results indicate that in terms of runtime,
gSpanPrune substantially outperforms gSpan, often by an order of magnitude while

the regression models produced by both approaches have comparable accuracy.

3.1 Motivation and Intuition

Regression models are the trusted workhorse for predictive modeling in a variety
of application domains. The problem of mining subgraph features from a database of
graph transactions for building regression models is critical when an attribute-valued
representation is insufficient to capture the domain of study. An example of such a
scenario would be the case where we are trying to build a regression model for the

toxicity of chemical compounds which is a real value collected from in-vivo experiments.
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The chemical compounds are represented as graph transactions and the real value of
interest associated with each transaction is the toxicity. Is such a scenario, the question
is how to extract relevant features for building a regression model? Currently the state
of the art in this regard is the large body of work on the problem of frequent subgraph
mining (relevant literature on this topic is reviewed later in the paper). A typical frequent
subgraph mining algorithm will mine the complete set of subgraphs with a user defined
frequency threshold and these subgraphs can be used as features to build a regression
model. Such an approach involving feature extraction using a frequent subgraph
mining algorithm has been studied in the context of the graph classification problem
and has been applied to the task of classifying chemical compounds [49] and
proteins [40] with promising results. However, this approach is plagued with a number
of problems which we now illustrate by describing a small case study. The
objective of this case study is to motivate our approach and set the stage for the rest of

the chapter.

The case study involves building regression models for predicting the melting
point of a set of chemical compounds (details on the data set can be found later in the
paper) based solely on subgraph features extracted by the frequent subgraph mining
system gSpan using support vector regression. We ran gSpan [28] on the dataset at
thresholds ranging from 20% to 5% in 1% decrements with a maximum size of 10.
Regression models were built using the feature vectors based on the presence/absence
of subgraph features using SVR (Support Vector Regression)[45] (the particular

implementation used was SVMlite [11]) and were evaluated using the Q? score on a 5-
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fold cross validation. The Q? score for the model, the number of subgraphs discovered
and the runtimes of gSpan for each threshold setting are illustrated in Figures 6, 7 and
8. We can observe the following. The predictive accuracy of the regression model
improves as the threshold frequency reduces. This is an expected result [49]
and has been observed earlier. It can be explained by the fact that additional relevant
subgraph features are available on which the model can be based. The number of
frequent subgraphs and the runtime also increases as the threshold decreases (as
expected and observed earlier [49] which in the worst case is expected to grow

exponentially.

These observations raise the question on how many of the newly considered subgraph
features actually contribute to increased predictive accuracy of the regression model.
To answer this question we analyzed the frequent subgraphs generated at the threshold
of 10%. Figure 9 shows the absolute pairwise correlations between subgraph features
for those subgraphs whose absolute correlation with the output is at least 0.20.
Pairwise correlation lower than 0.20 is denoted in blue while pairwise correlation greater
than 0.20 is denoted in red. The subgraphs in blue are the ones that contribute most to
the predictive accuracy of the regression model based on these thresholds on
correlation with the output and the pairwise correlations. While these thresholds are
somewhat arbitrary, they do give a certain measure of the redundancy of the subgraphs
generated. Typically, feature selection for building regression models considers the
tradeoff between how much a feature correlates with the output and how much the

feature correlates with the features already selected. Our intuition is that mining
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features based on their frequency produces useful features but also produces additional
redundant features at an added cost. Of course, redundant features could be
eliminated by a simple post processing step but this is computationally
expensive as the redundant subgraphs are still generated in the first place. We should
prefer to mine for a set of subgraphs such that each member of this set has high
correlation with the output value and that the members of this set have low correlation
with each other. Mining a complete set of subgraphs based on two thresholds,
correlation with the output and correlation with other features, is an intuitive approach

for building regression models and is also computationally efficient.

For a given subgraph feature, we prove an upper bound on the correlation with the
output that can be achieved by any supergraph for this subgraph feature. For a given
subgraph feature, we prove a lower bound on the correlation that can be achieved by
any supergraph for this subgraph feature with any other subgraph feature. Using these
two bounds we design a new algorithm called gSpanPrune, which extracts the
complete set of subgraphs such that a)each subgraph in this set has correlation with
the real value above a user specified threshold and b) each subgraph has correlation

with any other subgraph in the set below a user-specified threshold.

We conduct an experimental validation on a number of real-world datasets showing
that in terms of runtime, gGraphPrune substantially outperforms gSpan, often by an
order of magnitude while the regression models produced by both approaches

have comparable accuracy.
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3.1 Theoretical Results

As discussed earlier, our graphs are defined as G = (V,E, L, L), where V is the set of
vertices, E €V XV is a set of edges, L is the set of labels and £ is the labeling
function L:V U E — L. The notions of subgraph (denoted by G < G'), supergraph, graph
isomorphism (denoted G = G') and subgraph isomorphism in the case of labeled
graphs are intuitively similar to the notions of simple graphs with the additional

condition that the labels on the vertexes and edges should match.

Our examples consist of pairs, E = {< x1,y1 >, < X2,V2 >, ..., < X, Y >} Where
x; is a labeled graph and y; € R and is assumed to be centered, that is, }, = 0. We
define the set § to contain contains every distinct subgraph of every graph in E. For
any subgraph feature g € x we define,

lifgcx
—1 otherwise

hy () = {

We define the indicator function I(x) = y. The absolute correlation of a subgraph

feature g; with the output is given by,

hy, .1

pgi,l =
[, -
The absolute correlation of a subgraph feature g; with another subgraph feature g; is

given by,

h h

S [T A

We can now define the problem as follows.
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Given:

1. A setof examples E

2. Athreshold on the correlation with the output, « € R,0 < a < 1.

3. Athreshold on the correlation between subgraph features, ER, 0 <f <1.
Find:
A maximal set H = {g4, g2, ..., i } Such that,

1. Foreach g; € H,

Pg.| = L =a
Ul v
2. Foreachg;,g; €H,
hy. h

o [ Tl

We now discuss why it makes intuitive sense to mine for the set H. First, note that
the formulation is in terms of absolute correlations. This is simply because we are
interested in mining subgraph features with high  correlations either positive  or
negative. Negative correlation, implying that the absence of a subgraph correlates
with the output is equivalent to positive correlation as the regression model will
simply learn negative weights for such a feature. Next, note that the set H is the
maximal or the largest possible set of subgraphs such that,

e Each subgraph in this set has correlation with the real value above a user-

specified threshold «
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e Each subgraph has correlation with any other subgraph in the set below a
user-specified threshold .

Feature selection for building regression models considers the tradeoff between how

much a feature correlates with the output and how much the feature correlates with the

features already selected. The problem definition intuitively captures this trade off.

We now prove some properties about H. We define S, to be the

maximal subset of § for which p, ; = a. We also define H* to be the set containing all

possible H sets.

Lemmal
Foranyg,f € RO<a, f<1,HCSS,C S.
Proof

For any subgraph feature to satisfy a < p,,;, g € S. If a < hy, g € S. Therefore, 5, < S.

Any choice of S further constrains H so that € §, € S. The result follows. m

Lemma 2
Fora=0andf=1,H=S.
Proof

Asa=0, §,=S8.As (=1, Pgig; = B is true for any pair of subgraph features. The

result follows. =
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Lemma 3
Ifa=1and g =0, either |H| =0or |H| = 1.
Proof

There are two cases, first where there are no subgraph features such that a < p, in

which case |H| = 0. The other case where there exists one or more subgraph features

for which a < p, . In this case only one subgraph feature can be in H as g =0 as for

any two features Pgig; 2 B. The result follows. =

Lemma 4
For some «;, a;, B if a; = «; then |H;| < |H;|.
Proof

Follows from the fact that «; is more permissive than a; while constraining the H. The g

being identical, the result follows.m

Lemma5

For some a, B;,6;. If B; = B; then |H;| = |H;|.

Proof

Follows from the fact that g; is more permissive than g; while constraining the H. The

a being identical, the result follows.m
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Lemma 6

Forany a and B, |[H*| < |S,].

Proof

Under the given constraints of « and § suppose we have a S, . In the extreme case, for

every pair of subgraph features Pgig; 2 B. Then |H*| = |S,|. In the other extreme case

for every pair of subgraph features Pgig; < B. Then |H*| = 1. The result follows.m

These results characterize the relation between the size of H, « and g in broad
strokes. Figure 10. illustrates this relationship. These results are limited in the sense
that they characterize the relationship at extreme cases of a and g and do not give a
fine grained picture. A better characterization of this relationship s important as the size

of H directly relates to the computational complexity of the problem.

Small H

IHI =0 or
IHI =1

0 e 1

Figure 10. Effect of Pruning Parameters on the Feature Space

28



Given the formulation of the problem earlier a naive solution would be an
algorithm that searches the complete space of subgraph features (of the graph
transitions) checking for each subgraph feature conditions (1) and (2) retaining only
those subgraph features that satisfy all of them. Of course, one of the many
canonical labeling schemes introduced in frequent subgraph mining systems could

be incorporated to prevent the generation of duplicate subgraph.

The critical problem here is determining pruning conditions corresponding to
the frequency antimonotone pruning condition used by all frequent subgraph mining
systems. The frequency antimonotone pruning condition is a simple observation that if a
subgraph feature has frequency that the user specified threshold, no supergraph of this
subgraph can be frequent given this threshold. This simple observation allows for
massive pruning of the search space in the case of frequent subgraph mining. Thus the
key problem is to answer the following two questions.

e Given a subgraph feature, what is the highest possible correlation any
supergraph of this subgraph feature can achieve with the output?
e Given a subgraph feature what is the lowest possible correlation any supergraph

of this subgraph feature can achieve with some other subgraph feature?

It must be noted that once we have a quantitative measure for questions (1) and

(2) it becomes very easy to adapt any frequent subgraph mining system to solve
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the problem at hand. Quantitative measures for (1) and (2) in a sense correspond

the frequency antimonotone condition in the case of frequent subgraph mining.

For a graph g we define,

o -lifI) <0
my(0) = | hy () if 1(x) > 0

We have the following upper bound on the correlation any supergraph of a subgraph
feature can achieve with the output.
Theorem 1

For some subgraph features g; and g; if g; € g;then

o hgi i - mg. v
gil — -
e - emf = s, -
Proof
It is easy to see that for any subgraph feature say g; if hgi(x) = —1 then for no

subgraph feature g; € g;, hgj (x) = 1. That s, all those x such that hgi(x) = —1, for any
9i € 9, hgj (x) = —1. Furthermore, only for those x where hgi(x) = 1can hgj (x)= -1
for some g; < g;. The highest possible Pg;1 Can occur in the case where for all x

such that I(x) <0, hgj (x) = —1. The result follows.m
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For a graph g we define

3 —1if hy(x) >0
() = { hy () if hy(x) < 0

We have the following lower bound on the correlation any supergraph of a subgraph

feature can achieve with some other subgraph feature.

Theorem 2

For some subgraph features g;, g; and g, if g; < g; then

h h ngl

S oo ol

Proof

As before is easy to see that for any subgraph feature say g;, if hgi(x) = —1 then for
no subgraph feature g; < g, hgk(x) = 1. Thatis, all those x such that hgi(x) = —1,

for any g, € gy, hgk(x) = —1. Furthermore, only for those x where hgi(x) = 1 can
hyk(x) = —1 for some g; € g,. The lowest possible Pg;g, Can occur in the case where

for all x such that hgi(x) > 0, hgk(x) = —1. The result follows. m

Using these bounds it is now possible to adapt any subgraph enumeration
scheme to the task defined earlier. To demonstrate this, we adopt the DFS search and
DFS canonical labeling used by gSpan, which we refer to as gSpanPrune. The key
steps of our algorithm are summarized as follows and Figure 11 illustrates how the

pruning mechanism works.
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Algorithm: gSpanPrune (E,a, )

1. H«<¢

2. P < DSF codes of 1-vertex subgraphs in E
3. for all g; such that g; € P do:

4. Extend(E,a,$,H, g;)

5. return H

Procedure: Extend(E,a,8,H, g;)

1. if g is not minimum DSF code: return

2. if

gi-
g, [0
3. return

4. forall g; suchthatg; € H:

hy. .hy,

5. if m >pB:
6. return

7. else :

8. H< HUyg;

9. P <« DSF codes of rightmost extensions of g;
10. for all g, suchthatg, € P:

mgi.l

11. if
D

ng, .hgk

12. for every g; € H such that |———
g 12

<p:
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13.

Extend(E, o, 8, H, gi)

DFS Code Tree

o or [3

Prur;ihg

~ T |” Not Explored - ©

O

v

OO0 O

Figure 11. Pruning Mechanism
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3.2 Experimental Evaluation

Our experimental evaluation of the proposed pruning mechanisms seeks to answer the
following questions.

e How do the subgraph features extracted using gSpanPrune compare with
frequent subgraph mining algorithms with respect to predictive accuracy of the
regression model developed based on these features?

e How does gSpanPrune compare with frequent subgraph mining algorithms in
terms of runtime when applied to the task of feature extraction for building
regression models?

e How does the runtimes of gSpanPrune vary for various choices of « and

parameters?

In order to answer these questions we collected a number of data sets. All the
data sets are publicly available and are from the domain of computational chemistry.
They consist of chemical compounds with a specific property of interest associated with
each compound. In every case we use a simple graph representation for the chemical
compounds with element symbols as vertex labels and bond types as edge labels. The
value for which the regression model was to be built was centered to have a mean of
zero. No information other than the subgraph features are used to build the regression

models for any experiments reported in the paper.

The Karthikeyan [52] data set was originally collected to build a regression model for the
prediction of melting points of chemical compounds. The Bergstrom [30] data set was

originally collected to develop a model for the melting point of solid drugs. The
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Huuskonen [18] data set was originally collected to develop a model for the aqueous
solubility of chemical compounds. The Delaney [39] data set was originally collected to
develop a model for the aqueous solubility of compounds with low molecular weights.
The ERBD (Estrogen Receptor Binding Dataset) [15] was originally collected for
developing predictive models of the estrogen receptor binding activity. The ARBD
(Androgen Receptor Binding Data) [24], was originally collected for

developing predictive models of the androgen receptor binding activity.

Among the various frequent subgraph mining systems to compare gSpanPrune
with, we chose gSpan. While it is unclear whether gSpan is the best frequent subgraph
mining, it can definitely be considered to be among the state of the art as far as the
frequent subgraph mining problem is concerned. In order to ensure that our results
generalize to frequent subgraph mining algorithms in general, we compare the
number of subgraphs considered by gSpanPrune and gSpan. This is simply a count of
all minimal DFS codes considered by each of the approaches. The difference between
the number of minimal DFS codes considered by gSpanPrune and gSpan gives us a
measure of how the pruning approach compares with any other frequent subgraph
mining system. This is because different frequent subgraph mining systems may
use other forms of canonical labeling and search mechanisms will prevent the
generation of duplicate subgraph features better than gSpanPrune and gSpan but every
subgraph feature (the minimal code in the case of gSpan and gSpanPrune) will have to

be considered at least once. If gSpanPrune considers significantly fewer subgraphs,
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the speedup in terms of runtime would most likely apply to other frequent subgraph

mining systems also.

Among the various approaches to regression we chose SVR (Support Vector
Regression), which can be considered among the state of the art as far as the
regression problem is concerned. In particular, we use the SVMLite package. While it is
possible that in certain situations other regression algorithms might outperform SVR, we
find it unlikely to get opposite results while comparing the quality of the regression
models based on the subgraph features produced by gSpan and gSpanPrune with any

regression algorithm.

We use the Q2 score to evaluate the predictive accuracy of the regression models. Note
that the Q? score is a real number between 0 and 1 and its interpretation is similar to the
Pearson correlation coefficient. The closer it is to 1, the better the regression function

fits the testing data.

In order to answer question (1) and (2) we conducted experiments on gSpan and
gSpanPrune on the six data sets described above. The subgraph features produced by
each algorithm were used to build a regression model using SVR. The predictive
accuracy of the models was evaluated based on the $Q”"2$ score using a 5-fold cross
validation. Additionally the runtimes and the number of subgraphs considered by each
algorithm were also recorded. In the case of gSpanPrune the selection function chose
the subgraph feature with the higher correlation. The maximum subgraph size for each
system was set to ten. The parameters of each system (threshold frequency in the case
of gSpan and the a and § parameters in the case of gSpanPrune) were systematically
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varied. While comparing results on the various runs of the algorithms, we select the
significantly highest Q? scores achieved by each system and then compare the
lowest possible runtimes and the subgraphs considered for this Q% score. The
intuition behind this to compare the lowest computational cost for the best possible
predictive accuracy. The results of these experiments are reported in Figure 12, 13 and

14.

In order to answer question (3) we ran gSpanPrune on the Karthikeyan data set (we
chose this data set as this was the largest data set in terms of transactions) with «
and B parameters systematically varied in small increments of 0.05. Figures 15 and

16 illustrate these results with contour plots.

We can observe the following from the experimental results. The predictive
accuracy of the regression models based on the features generated by gSpan and
gSpanPrune is comparable. GSpanPrune substantially outperforms gSpan in terms of
runtime and the number of subgraphs explored. The runtime and the number of

subgraphs explored by gSpanPrune increases for small values of a« and large values of

B.
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4. gRegress: An algorithm for Graph Regression

In this chapter, we present a new algorithm for graph regression, which we refer to as

gRegress. We begin with the motivation behind our approach.

4.1 Motivation

As mentioned earlier graph regression is a relatively new problem and the only
published work in this area is gPLS, the basic idea behind which is to adapt partial least
square regression for the task. Our intuition is that there might be certain graph
regression problems that cannot be modeled by a single linear function and would
require a combination of linear regression models. An example of this would be the
following hypothetical problem from chemistry. Note that this hypothetical problem is for
the purpose of describing our intuition only and may be completely inaccurate as far as
chemistry is concerned. Suppose we are trying to learn a regression model for the
melting point of chemical compounds. Learning a separate, linear regression model for
different classes of compounds (one for alcohols, one for ethers, one for esters etc.)
could perform better than a linear regression model for all the compounds. Learning
such a combination of linear models involves two sub-problems. The first is to
categorize the examples into classes and then to learn a regression model for each of

them.

Our approach, which builds on this intuition , is to learn a model which consists of
a decision tree such that each non-leaf is a subgraph presence/absence test which
splits the examples into categories and each leaf is a linear regression model based on
weights on the presence/absence of subgraph features. Such a model is illustrated in

Figure 17.
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Figure 17. A Decision Tree with Linear Models as Leaves

4.1 Algorithm

The key steps of the gRegress algorithm are summarized as follows.

1. Build a decision tree recursively, splitting on presence/absence of subgraph

features which minimize the following error measure,

Ae = sd(E) — Z% x sd(E;)

until no less than L examples remain at the leaves.
2. Build a multiple regression model for examples remaining at each leaf.

4.2 Experimental Evaluation

In order to evaluate the performance of the gRegress algorithm we compared it to the

following approaches.

1. gPLS
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2. Frequent Subgraph Mining and Support Vector Regression with the Linear

Kernel

3. Frequent Subgraph Mining and Support Vector Regression with the Polynomial

Kernel

4. Frequent Subgraph Mining and Support Vector Regression with the RBF Kernel

5. Frequent Subgraph Mining and Simple Linear Regression

6. Frequent Subgraph Mining and Support Vector Regression with Additive

Regression

7. Frequent Subgraph Mining and Support Vector Regression with K-Nearest

Neighbor

It must noted here that gPLS is the current state of the art as far as the graph

regression problem is concerned. While the other approaches have not been studied in

literature, except for gRegress, they are straightforward combinations of existing work.

We conducted experiments with the Karthikeyan, Bergstrom, Huuskonen, Delaney,

ERBD and ARBD datasets discussed eatrlier.

validation are reported in Table 1.

Table 1. Comparison of approaches to Graph Regression

Mean correlations on the 5 fold cross

SVM SVM SVM | Simple

gRegress | gPLS | Linear | Poly RBF Linear | Additive | KNN
ERBD 0.7046 | 0.6979 | 0.598 | 0.7007 | 0.7146 | 0.4458 | 0.6743 | 0.7036

ARBD 0.7789 | 0.7146 | 0.6193 | 0.728 | 0.7668 | 0.6756 | 0.7087 | 0.721
Bergstrom 0.285 0.3952 | 0.3109 | 0.2523 | 0.3426 | 0.1024 | 0.3295 | 0.3185
Delaney 0.7676 | 0.6936 | 0.6832 | 0.6832 | 0.7484 | 0.4982 | 0.6637 | 0.7481
Huuskonen 07644 | 0.7019 | 0.69 | 0.6923 | 0.7609 | 0.4953 | 0.6806 | 0.7409
Karthikeyan 05234 | 0.4705]0.4998 | 049 | 05747 02929 | 04199 | 0.5113
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We can make the following observations from the results.

1. We can observe that gRegress and SVM-RBF are the best performing
approaches; they outperform gPLS, which is the current state of the art, in all
cases except for the Bergstrom dataset.

2. The performance of gRegress and SVM-RBF is found to be comparable in most
cases.

3. gPLS, SVM-Linear and Simple Linear Regression perform poorly in a number of
cases supporting our intuition on the need for a combination of linear models.

4. The KNN approach performs surprisingly well given its simplicity.

5. In the case of the Bergstrom dataset, gPLS performs better than most

approaches.

Another important question in regards to applying these approaches to real world
problems is if incorporating structure can improve the predictive accuracy of existing
attributes valued models. To investigate this issue we use the 2C9 dataset introduced
in [62]. This dataset consists of a number of attribute values associated chemical
compounds each of which can be treated as a separate graph regression problem.
Each of the approach can be modified to handle attribute valued features in addition to
subgraph features. In the case of gPLS and gRegress, attribute threshold tests can
replace subgraph presence/absence tests in the case of attribute valued features and in
the case of SVM, simple linear regression, additive regression and KNN attribute valued

features can simply be added to the table of selected subgraph features. We conducted
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experiments with only the attributes, only the subgraph features and a combination of

both. Tables 2, 3 and 4 present the results of these experiments.

Table 2. Performance with Attribute Features Only

SVM SVM SVM | Simple
gRegress | gPLS | Linear Poly RBF Linear | Additive | KNN
2c9 0.7664 0.75 0.7652 | 0.7641 | 0.7387 | 0.7373 | 0.7194 | 0.7363
weinerPol 0.8755 |0.9818| 0.9757 | 0.9764 | 0.9518 | 0.9722 | 0.9278 | 0.9095
zagreb 0.9872 | 0.993 | 0.9881 0.9898 | 0.9769 | 0.9719 | 0.9369 | 0.9489
PECP_VSA_NEG | 0.8415 |0.8391| 0.8621 0.8654 | 0.8019 | 0.6927 | 0.7792 | 0.8234
apol 09993 | 0994 | 09982 | 0.9993 | 0.9938 | 0.9993 | 0.9596 | 0.9843
bpol 09632 |0.9612| 0.9626 | 0.9658 | 0.9471 | 0.9632 | 0.8917 | 0.9302
vsa_hyd 0.9601 |0.9538| 0.9573 | 0.9574 | 0.9343 | 0.9136 | 0.8984 | 0.9267
SlogP 0.8617 | 0.8756 | 0.8675 0.871 0.8077 | 0.6912 | 0.7362 | 0.7977
vdw_area 0.9848 |0.9826 | 0.9901 0.9925 | 0.9839 | 0.9848 0.951 |0.9704
vdw_vol 09994 [0.9933| 0.9996 | 0.9996 | 0.9974 | 0.9996 | 0.9645 | 0.9889

Table 3. Performance with Subgraph Features Only

SVM SVM SVM Simple
gRegress | gPLS Linear Poly RBF Linear | Additive | KNN
2c9 05132 | 05877 | 0.315 0.61 0.6357 | 0.1993 | 0.5064 | 0.5857
weinerPol 0.5884 | 0.6851 | 0.4607 0.7408 | 0.7285 0.334 0591 | 0.5759
zagreb 0.6375 | 0.7507 | 0.524 0.5241 0.776 0.4007 | 08272 | 0.6361
PEOP_VSA NEG | 0.6825 | 0.7292 | 0.4606 04597 | 0.7124 | 04402 | 0.7046 | 0.6336
apol 0.7165 | 0.7882| 0.517 0.517 0.8123 | 0.3842 | 0.6961 | 0.6774
bpol 0.8208 | 0.8161| 0.5927 0.8657 | 0.8353 | 0.5742 | 0.7929 | 0.6918
vsa_hyd 0.7801 0.8052 | 0.5678 0.8364 | 0.8232 | 0.4567 | 0.7254 | 0.724
SlogP 0.7168 | 0.7767 | 0.5787 0.7375 | 0.7105 | 0.2331 0.7239 | 0.6652
vdw_area 0.7342 | 0.7688 | 0.5064 0.8188 | 0.7884 | 0.4544 0.63 0.651
vdw_vol 0.7009 | 0.7793 | 0.5085 0.8236 | 0.8028 | 0.3743 | 0.6403 | 0.6682

Table 4. Performance with Attribute and Subgraph Features

gRegress | gPLS | SYM i‘g‘;‘; Per | TimPle | Additive | KNN

2¢9 0.7459 | 0.733 | 04717 | 0.6374 | 06418 | 0.7373 | 0.7398 | 05853
weinerPol 0077 | 09838 | 09062 | 0.8704 | 0.7439 | 0.9722 | 0.9181 | 05843
zagreb 0.0908 | 0.9948 | 0.9527 | 0.9259 | 0.7913 | 0.9719 | 0.935 | 0.6454
PEOP VSA NEG | 0.9244 | 0.9524 | 0.8598 | 0.8562 | 0.7262 | 0.6927 | 0.817 | 0.6422
apol 0.0992 | 0.9995| 0.9655 | 0.9344 | 0.8234 | 0.9958 | 0.9594 | 0.6863
bpol 0.9765 | 0.9903 | 0.9655 | 0.9148 | 0.8413 | 0.9086 | 0.9019 | 0.6976
vsa_hyd 0.0779 | 0.9875| 0.8984 | 0.9186 | 0.8314 | 0.9136 | 0.9006 | 0.731
SlogP 0.8798 | 0.9317 | 09575 | 0.8157 | 0.72 | 0.6912 | 0.7852 | 0.6749
vdw_area 009 | 009968| 09689 | 0.9512 | 0.7997 | 0.979 | 09498 | 06614
vaw vol 0.0994 | 0.9997 | 09791 | 0.9442 | 0.8148 | 0.9958 | 0.9645 | 0.678
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We observe a significant improvement in performance in the model developed for
predicting the PEOP_VSA_NEG property when both the attribute and subgraph
features are used. In most other cases the performance is found to be

comparable.
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5. Empirical Comparison of Graph Classification Algorithms

We performed an empirical comparison of the major approaches for graph classification
introduced in literature, namely, SubdueCL, frequent subgraph mining in conjunction
with SVMs, walk-based graph kernel, frequent subgraph mining in conjunction with
AdaBoost and DT-CLGBI. The objective of this comparison was to identify the strengths
and weaknesses of these approaches. Experiments were performed on performed on
five real world data sets from the Mutagenesis and Predictive Toxicology domain, and a

corpus of artificial data sets. This chapter presents the experiments and the results.

5.1 Experiments with Real World Datasets

For experiments with real world data, we selected the Mutagenesis data set introduced
by [21] and the Predictive Toxicology Challenge (PTC) data introduced by [6]. The
Mutagenesis data set has been used as a benchmark data set in graph classification for
many years. The data set has been collected to identify mutagenic activity in a
compound based on its molecular structure. The Predictive Toxicology Challenge
(PTC) data set has also been used in the literature for several years. The PTC
carcinogenesis databases contain information about chemical compounds and the
results of laboratory tests made on rodents in order to determine if the chemical
induces cancer. The data consists of four categories: male rats MR, female rats FR,
male mice MM, or female mice FM. Each of the data sets were represented as graphs

by introducing a vertex for every atom, labeled with its compound and by introducing an
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edge for every bond, labeled with its type. An example of such a representation for a

compound in the Mutagenesis dataset is shown in Figure 18.

@2®2®
Figure 18. Graph Representation of Chemical Compounds
As mentioned earlier, the empirical comparison included SubdueCL, frequent
subgraph mining in conjunction with SVMs, walk-based graph kernel, frequent
subgraph mining in conjunction with AdaBoost and DT-CLGBI. For SubdueCL, we
use the implementation from the Subdue described in [50]. For frequent subgraph
mining in conjunction with SVMs we wuse the Gaston system by [43] and
SVMLight by [11]. The walk-based (direct product) graph kernel was implemented
using SVMLight. The frequent subgraph mining in conjunction with AdaBoost approach

was implemented using code from Gaston and the Weka machine learning framework
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by [13]. The DT-CLGBI was also implemented using code form Gaston and the Weka

machine learning framework.

We compared the performance of the five algorithms/approaches on the five
datasets using a five-fold cross validation. We measured accuracy for all the five
algorithms/approaches and the area under the ROC curve (AUC) discussed in [9] for all
the algorithms/approaches.  Computing the AUC for SubdueCL involves some

difficulties which are described next.

In order to plot ROC curves and compute the AUC it is essential to produce a
real valued prediction between zero and one representing the degree of membership
(where zero implies the negative class and one the positive class). Binary predictions
made by classifiers can be trivially converted to a real valued predictions, by
considering the learning algorithm and the way in which the model is applied. For
example, for decision trees, the class distribution at the leaf can be translated to such a
real valued prediction. For SubdueCL, producing such a value is not straightforward.
As mentioned before, the model learned by Subdue consists of a decision list each
member of which is a connected graph. If any of the graphs in the decision list are
present in the example, it is predicted as positive. If all the graphs in the decision list are
absent it the example, it is predicted as negative. We considered applying approaches
studied by [20] for scenarios like this, all of which are based on combining and
reporting the confidence of the rules (in the decision list) on the training set.

Strategies for combining the confidence include voting, weighted voting, using the
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first matching rule, applying a random rule and applying rule with lowest false
positive rate. None of these is in accordance with the particular way in which the model
learned by SubdueCL is supposed to be applied. The key problem here is that absence
of a single graph (in the decision list) in an unseen example, does not imply that
the example is predicted to be negative. All the graphs in the decision list have to be
absent in the example for it to be predicted as negative. We therefore approximate the
AUC for SubdueCL using a single point in the ROC space. This does not accurately

reflect the performance of SubdueCL but is a reasonable approximation of the same.

The results of the experiments are reported in Figures 19 and 20.
None of the approaches/algorithms had significantly better performance than the
others on the real world datasets we considered. Revisiting, our original question on
the comparative strengths and weaknesses of the algorithms/approaches, we decided
to further compare their actual predictions and the agreements/disagreements
among predictions on specific examples. The intuition behind this comparison is that
comparable performance does not imply similar behavior. Two algorithms could
differ in predictions, make different mistakes and be correct on different examples and

end up in having comparable performance, overall.
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We conducted a literature survey on how such a comparison can be
performed and to our knowledge no framework for such analysis was found in
literature. We therefore introduced the following visual mechanism to perform such an
analysis. Note here that the purpose of the mechanism is exploratory and not

confirmatory.

The key idea is to generate a scatterplot between the predictions made by two
classifiers on a set of test examples. Note here that all the algorithms/approaches
except for SubdueCL can be made to predict a real value between zero and one
representing the degree of membership (where zero implies the negative class and
one the positive class). Given a set of test examples, we first separate them according
to their class and for two classifiers, say, A and B, get a scatterplot of their
predictions on the positive set and the negative set. When such a scatterplot is
generated with both the X-axis and the Y-axis having a range from zero to one, we get

two plots as shown in Figure 21 and 22.

Every point on such scatterplots would fall in one of the following four zones assuming
the threshold to be at 0.5, both classifiers make a similar correct prediction, both
classifiers make similar incorrect predictions, A is correct and B is incorrect and vise
versa. Note here that the positive and negative examples need to be separated as the
four zones are different for each case. Furthermore, by looking at how far a point is from
each axis, we can get an indication of how much the predictions are similar or

dissimilar.
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Figures 23 up to 48 illustrate such scatterplots for each of the five datasets (note that
SubdueCL was omitted from this analysis). On all the datasets, a higher agreement is
observed between the predictions made by the graph kernel and the FSG+SVM
approach. There is a much larger disagreement observed among all other
algorithms/approaches. We stress here that this observation is exploratory in nature,
we cannot conclude disagreement at a statistically significant level as this is a null
hypothesis (r=0) as in correlation analysis and can only be rejected. However, for the
purposes of our study this was sufficient indication that a further comparison on
artificial datasets wherein we could evaluate the algorithms/approaches on specific

parameters of interest was necessary.
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5.2 Experiments with Artificial Datasets

In this section we discuss our experiments and results with artificial datasets. First, we

discuss our artificial dataset generator.

Our artificial dataset generator comprises two major components, hamely,
the graph generator and concept generator. The graph generator generates
connected graphs based on five user specified parameters, namely, N, which is the
number of vertices, Nz which is the number of vertices, N, which is the number of vertex
labels, N is the number of edge labels and S is the seed for the random number
generator. lItis required that Ny > N, — 1, to ensure a connected graph. Based on
these parameters, a connected graph gs = (Vs, Es, as, Bs) is generated as follows.

1. Ny vertices are generated and assigned labels from «ag (uniform) randomly.

2. These vertices are connected by adding N, — 1 edges, forcing them to form a
path of length N;;. These edges are assigned labels from S5 (uniform) randomly.

3. Lastly, Ny — Ny + 1 edges are added to the graph by first picking two vertices
from Vs, (uniform) randomly and adding an edge between these two vertices with

a label from S selected (uniform) randomly.

The concept generator is similar to the graph generator except that the concept is a
graph that is not assumed to be connected. So the generation process is identical

except that step 2 is not performed and in step 3, Ny edges are added.

For any dataset generation, given user specified parameters for the graphs and

the concepts, first a concept is generated. A negative example is simply any graph
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generated by the user specified parameters. A positive example is any graph in which
the concept is embedded. We describe the embedding procedure below. It is required
that the number of vertices in the concept are less than or equal to the number of
vertices in the input graph.
1. Select n vertices randomly from the example graph where n are the number of
vertices in the concept. Each selected vertex in the example graph is assigned to
a vertex in the concept.
2. Change the labels of the n selected vertices in the graph so that they match the
vertices in the concept.
3. For every edge between two vertices in the concept introduce an edge between
the corresponding vertices in the example graph. If such an edge already exists,

only a label change is required.

Overall, the assumptions underlying the generation process are as follows.

1. The distribution of vertex labels, edge labels and the degree distribution is
assumed to be uniform and independent of each other, both in the concept and
the example graph.

2. Examples are generated using a random process, based on the user specified
parameters and are connected graphs.

3. Concepts are generated using a random process, based on the user specified

parameters.
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4. Positive examples are generated by embedding the concept in an example;
negative examples are those examples in which the concept has not been

embedded.

We use the artificial dataset generator to compare the performance of the five
algorithms/approaches across various parameters of interest. For each experiment, five
training sets and five test sets are generated, using different seeds. The algorithms are
trained on the trained set and prediction accuracy is measured on the test set. All plots

show mean accuracy on the five test sets versus a parameter of interest.

5.2.1 Varying Number of Concept Vertices

We vary the number of concept vertices from 1 to 10 adding a single edge with every
additional vertex, with the example set to 100 vertices and 100 edges, 50 positive
example and 50 negative examples both in the training and test sets. Figures 38, 39,
40 and 41 show the mean accuracies for different number of vertex and edge labels. It
can be observed in all the plots that initially when the number of vertices in the concept
is small, all classifiers perform poorly as the training examples and test
examples are indistinguishable.  This changes as the number of vertices in the
concept are gradually increased and the performance of all the classifiers
improves. Eventually the concept is large enough to sufficiently distinguish the
examples and all the classifiers achieve high accuracy. Another observation is that as
the number of vertex and edge labels increases, the task becomes easier as it is

possible to distinguish the examples by learning a small part of the concept. The
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difference in performance of the algorithms is noticeable only with both vertex labels
and edge labels equal to 2. This difference was found to be significant at only concept
size 3, 4, 5 and 6 and we conclude that overall the performance was found to be

comparable.

5.2.2 Varying Concept Degree

We vary the concept degree by increasing the number of concept edges with the
example set to 100 vertices and 100 edges, 50 positive example and 50 negative
examples both in the training and test sets. Figures 42, 43, and 44 shows the mean
accuracies for different number of vertices in the concept. It can be observed in all the
plots that initially all classifiers perform poorly as the training examples and test
examples are indistinguishable. This changes as edges are gradually added to the
concept. All the algorithms/approaches except for the graph kernel are able to use
these additional distinguishing features to improve on their performance at a
significant level. The graph kernel performs poorly and gains accuracy slowly as

compared to the all the other algorithms/approaches.

As the degree of the concept increases, distinguishing the examples does
become easier but capitalizing on this difference to improve the performance requires
learning concepts with structure (like trees and graphs). We postulate that the
hypothesis space of the kernelis walks and it is insufficient at capturing concepts

involving structure.
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5.2.3 Varying Number of Example Vertices

We vary the number of vertices in the example by increasing the number of vertices
adding a single edge with every additional vertex, with the concept set to 10 vertices
and 10 edges, 50 positive example and 50 negative examples both in the training and
test sets. Figures 45, 46 and 47 show the mean accuracies for different number of
vertices in the concept. It can be observed that the performance of SubdueCL and the
graph kernel drops with additional example size. This difference was found to be

significant at all the cases with example vertices greater than 100.

As the number of vertices in the example increases, the concept which is a
disconnected graph and embedded at random positions is spread over larger distances.
We postulate that the hypothesis space of SubdueCL is connected graphs and it

demonstrates poor performance as it fails to learn disconnected concepts.

5.2.4 Varying Example Degree

We vary the degree of the example by increasing the number of edges with the
concept set to 5 vertices and 5 edges, example vertices set to 10, 50 positive
example and 50 negative examples both in the training and test sets. Figure 48
shows the mean accuracies for different number of vertices in the concept. It can be
observed that the performance of SubdueCL and the graph kernel drops with additional
example size. This difference was found to be significant at all the cases with number

of edges greater that 30.
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In the case of SubdueCL, we postulate that this poor performance is due to the
increased number of candidates in the search which causes the greedy search to miss
relevant concepts. The graph kernel also has to consider a increased number of

walks which causes a poor performance.

5.2.5 Varying Concept Noise

Varying the concept noise involves varying two parameters: how many examples
contain the noisy concept and by what amount is the concept is made noisy. We vary
the noise in the concept by changing the labels on the vertices and edges in the
concept. We refer to this as the noise level. Noise level in the concept is measured as
the fraction of the labels changed. Experiments are performed by introducing an
increasing number of noisy examples for a variety of noise levels. Figures 49, 50, 51,
52, 53 and 54 shows the performance at different noise levels. Accuracy drops as the

number of noisy examples increase and as the noise level increases.

The difference in performance of the algorithms is noticeable with in all the
cases. The graph kernel and SubdueCL perform poorly and lose accuracy faster as
compared to the all the other algorithms/approaches. This difference was found
to be significant at noise levels 0.1 and 0.2. It must be noted here that both SubdueCL
and the graph kernel had poor performance even without noise. We postulate that their

poor performance is due to difficulty learning the concept, even without noise.
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5.2.6 Varying Mislabeled Examples

We vary the number of mislabeled examples, by mislabeling positive examples,
mislabeling negative examples and swapping class labels on positive and negative
examples. For the experiments involving mislabeling positive examples and
mislabeling negative examples an additional amount of positive examples and
negative examples were added to ensure a balanced dataset. This was because we
wanted to analyze the effect of mislabeled examples and the increased negative and
positive examples (mislabeled) would skew the training data and it would not be
possible to determine if the effect was due to the skewed training data or the noise
(we also perform experiments with skewed training data which are reported later).
The experiment involving swapping labels on positive and negative examples did not
have this problem. The results are shown in Figures 55, 56 and 57. Performance drops

as the number of mislabeled examples are increased.

The difference in performance of the algorithms is noticeable with in all the
cases. SubdueCL and DT-CLGBI outperform the others in the mislabeled positives
case and the mislabeled negatives case. In the case where the labels are swapped,

SubdueCL outperforms all the others.

The model learned by SubdueCL is a list of graphs present only in the positive
examples. Due to this, mislabeled examples do not affect its performance as much as

the other algorithms/approaches are affected. Eventually however as the number of
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mislabeled examples increases to 50\% of the training data, its performance drops to

that of random guessing.

5.2.7 Varying Number of Training Examples

We vary the number of training examples and an increase in performance is observed
as shown in Figure 58. The difference in performance of the algorithms is noticeable
with in all the cases.

The best performance is achieved by FSG+AdaBoost and DT-CLGBI, the next

better performance is achieved by FSG+SVM followed by SubdueCL and graph kernel.

5.2.8 Varying Class Skew

We vary the class skew in the training examples by increasing in turn, the positive and
negative examples while holding the others constant. The results are presented in
Figures 59 and 60. SubdueCL and graph kernels show poor performance as compared

to others in both the cases.

It must be noted here that the graph kernel had poor performance even without
the skew. We postulate that their poor performance is due to difficulty learning the
concept, even without the skew. In the case of SubdueCL the poor performance is
because it learns a list of graphs present only in the positive examples. Due to this, it is

affected more by the skew.
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5.3 Conclusions of the Comparison
We performed an empirical comparison of the major approaches for graph classification
introduced in literature, namely, SubdueCL, frequent subgraph mining in conjunction
with SVMs, walk-based graph kernel, frequent subgraph mining in conjunction with
AdaBoost and DT-CLGBI. Experiments were performed on performed on five real world
data sets from the Mutagenesis and Predictive Toxicology domain, and a corpus of

artificial data sets. The conclusions of the comparison are as follows.

In datasets where the underlying concept has a high average degree, walk-
based graph  kernels perform poorly as  compared to other approaches. The
hypothesis space of the kernel is walks and it is insufficient at capturing concepts

involving significant structure. In datasets where the underlying concept is
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disconnected, SubdueCL performs poorly as compared to other approaches. The
hypothesis space of SubdueCL is connected graphs and it is insufficient at capturing
concepts which consist of a disconnected graph. FSG+SVM, FSG+AdaBoost,

DT-CLGBI has comparable performance in most cases.

Given the overall goal of conducting a comprehensive empirical comparison
of approaches for graph classification in order to identify their underlying strengths and
weaknesses, our empirical comparison has two major limitations. Firstly, the artificial
datasets were generated according to a model that assumed a uniform distribution of
vertex labels, edge labels and a uniform degree distribution. Furthermore, it
assumed that these distributions are independent. Secondly, a qualitative comparison of
the learned models was not performed. An approach that learns a model involving
fewer/smaller graphs is superior as prediction involves performing subgraph

isomorphism
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6. Alternative Computation of the Walk-Based Kernel

We now present our work on the computation of the direct product kernel. The
motivation behind this work is to address the problem of computing the kernel for long
walks. From the perspective of graph classification and regression, the use of graph
kernels is an attractive approach as it avoids subgraph isomorphism. Any valid graph
kernel could be used with support vector classification or support vector regression to
extend these algorithms to operate on graph transactions.

The direct product kernel [32] for graph classification, is based on defining a
feature for every possible label sequence in a labeled graph and counting how
many label sequences in two given graphs are identical. Although the direct
product kernel has achieved promising results in terms of accuracy, the kernel
computation is not feasible for large graphs. This is because computing the direct
product kernel for two graphs is essentially computing either the inverse of or by
diagonalizing the adjacency matrix of the direct product of these two graphs. For two
graphs with adjacency matrices of sizes m and n, the adjacency matrix of their direct
product graph can be of size mn in the worst case. As both matrix inversion or matrix
diagonalizing in the general case is 0(n3), computing the direct product kernel is
0((mn)3). Our survey of data sets in graph classification indicates that most graphs
have adjacency matrices of sizes in the order of hundreds which often leads to
adjacency matrices of direct product graphs (of two graphs) having sizes in the order

of thousands.
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In this work we show how the direct product kernel can be computed in
0((m+n)3). The key insight behind our result is that the language of label sequences
in a labeled graph is a regular language and that regular languages are closed under

union and intersection.

Intuitively, the direct product kernel is based on defining a feature for every
possible label sequence in a labeled graph and counting how many label sequences
in two given graphs are identical. So basically, the direct product kernel takes as input
two graphs and outputs a count of the identical walks that can be taken in both of the
graphs (refer Figure 59).

Unique walks that can be
taken in either of the graphs

<

Ww1|W2
G—Sl1 11l -1-1] 1 /_\
Inner Product
LAbsent
Present

Figure 59. Feature Space of the Walk-based Kernel

6.1 Notions and Notation

To define the direct product kernel we need some more notions and notation. A walk

w in a graph g is a sequence of edges ey, ey, e3, ...e, such that for every e; =
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(u,v) and e;;1 = (x,y), v = x is obeyed. Every walk is associated with a sequence of

edge labels a4, ay, a3 ... a,. An adjacency matrix M, of graph g is defined as,

M

_({ Yif(vuy) €E
gij

0 otherwise

A direct product of two graphs g; = (V;,E{,aq) and g, = (V,, E;, o) (with identical

edge label alphabet ))) g1 x g2 is defined as,

1. Vglxgz = {(ULUZ) € Vl X VZ}
2. Eg1><gz = {(ul,uz) € El X Ez} such that

a) (u,vy) €EE
b) (uz,v;) EE,

C) ay(uy,v1) = ay(uy, vy)

An important observation here that taking a walk on a direct product graph
g1 X g, is equivalent to taking an identical walk on graphs g, and g,. Stated differently,
this means that we can take a certain walk on g; x g, if and only if there exists a

corresponding identical walk in both g; and g,.

For two graphs g; = (V,E,aq) and g, = (V,,E,, ay) (with identical edge
label alphabet }) let My, ,, be the adjacency matrix of their direct product graph
g1 X g2 with a sequence of weights Ay, 44,...suchthat A; € Rand A; > 0 for all

i € N, the direct product kernel k is defined as,

91%x92
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if the limit exists.

Intuitively, the direct product kernel computes the powers of the adjacency matrix

of the direct product graph M, and sums them. This is equivalent to counting the

1Xg2

identical walks that can be taken in both the input graphs. This is because any walk in

g1 X g, corresponds to an identical walk in both g, and g, and the £t* power of My, xg,

captures all walks of length £ in My, ..
6.2 Faster Alternative Computation

In this section we present a faster alternative to computing the direct product kernel.

The key insight behind this is based on showing that the language of edge label

sequences corresponding to walks in a graph is a regular language.

Lemmal

Let w =eq, ey, ..e, be awalk in graph g = (V,E,a) and let s = a(e,), a(ey), ...a(e,) be
the sequence of edge labels corresponding to each of the edges in the walk Let
L be the language of all such sequences corresponding to walks in g. Then, £ is a
regular language.

Proof

Construct a finite automaton M = (Q,%,8,q,F) as follows. The set of states Q is

constructed by introducing a state s, corresponding to every vertex v in g. Additionally,
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two states s, and sp are introduced in Q. The alphabet X is the same as the alphabet of
the edge labels. The set of transitions ¢ is constructed by introducing a transition from
state s, to s, on symbol a(e) for every directed edge e = (u,v) in g. Additionally €
transitions are introduced from the state s, to every other state in s, in Q except sg
each of which corresponds to a vertex in g. Also, € transitions are introduced
from every state in Q except for s, and sp , each of which corresponds to a vertex in g to
the state sp . Set the start state g = s, and the final state F = sp. By construction,

M accepts £ and hence £ is regular. m

We now show that the language of edge label sequences corresponding to walks
in a direct product graph is basically the intersection of the two regular languages of
edge labels corresponding to walks in the two graphs and is itself a regular language as

regular languages are closed under intersection.

Lemma 2

Let g4,xg, D€ the direct product graph of g; and g,. Let L

91Xg2 be the language of all

sequences of edge labels corresponding to walks in g4, »g4, - Similarly, let £, and £,
be languages of all sequences of edge labels corresponding to walks in g; and g,

=L

respectively. Then, £ 91092

91X93 Is regular.

Proof
From the definition of direct graph product, taking a walk on a direct product graph
g1 X g» is equivalent to taking an identical walk on graphs g, and g,. Each of these

walks has a corresponding edge label sequence associated with it. As L is the

91%X92
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language of all sequences of edge labels corresponding to walks in g4, x4, £4, and

91

L

g, are languages of all sequences of edge labels corresponding to walks in g; and

=L

g.ng, Tollows. m

g, respectively, thus L, »,,
We now introduce the notion of union of the two languages corresponding to

the sequence of edge labels corresponding to walks in the two graphs. Let g; =
(Vi,E{,a;) and g, = (V,,E,, ) be two graphs (with identical edge label alphabet )

then the union of the corresponding languages let £,, and £,, is denoted by L, ,,

Lemma 3

L

g,ug, 1S regular.

Proof
Follows from the definitions and the property the regular languages are closed under

union. m

We can now show a result that gives us a relation between the sizes of the

languages considered so far.

Lemma 4

Let g4,xg, D€ the direct product graph of g, and g,. Let £

41xg, D€ the language of all

sequences of edge labels corresponding to walks in g, x4, - L€t g4 44, D€ the union

graph of g, and g,. Let L

g,ug, D€ the language of all sequences of edge labels

corresponding to walks in g, 4, . Similarly, let £, and L,, be languages of all
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sequences of edge labels corresponding to walks in g; and g, respectively. Then

1Lgyxg, = |L91| + |L92| B |L91><gz|'
Proof

Follows from Lemmas 1, 2 and 3 and the property that regular languages are

closed under union and intersection. m

This result can be easily extended to subsets of these languages which place a

restriction on the size of the sequences in the language.

Lemma5

Let  L{, . L§, L§xg, and L7, be subsets of languages £, , L, , Ly xg, and
Lg,ug, sSuch that they do not contain sequences longer than £. Then Lgl ,ng £§1><g2
and L} ,, areregularand [Lf .1 = |Lh |+ |£8,| — |£E, 04, hOldS.

Proof

Clearly £f , £f rf., and £Lf,, are finite languages by definition and hence

regular. The result follows from Lemma 4 and the property that regular languages are

closed under union and intersection. m

The problem thus reduces to counting the number of strings in a regular
language of length no more than #. It has been shown that this problem can be solved
in 0(n®) [44] where n is the number of states in the finite automata for the regular

language. This approach is also based on diagonalising the adjacency matrix of the
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finite automata. Note here that in order to |L§ we  compute

1X92|

|£5, |+ |£5,| — |£8,ug,]- The largest finite automata and hence  the  largest

adjacency matrix to be diagonalized is |L§ | The previous approach in essence

1V92
dealt with |L§1ng|. The key difference from the previous computation is that now we
are dealing with finite automata corresponding to the union of two regular languages
which grows as 0(m + n) for automatas with sizes m and n (for the two input graphs)
instead of the finite automata corresponding to the intersection of the two languages

which grows as 0(mn). This implies that direct product kernel can be computed in

0((m +n)?) instead of 0((mn)?).

6.3 Experimental Results

We compare the proposed alternative kernel computation to the approximation of the
kernel by matrix multiplication. Figure 61 shows the training time for the
Mutagenesis and PTC datasets while approximating the kernel value using matrix
multiplication. Figure 62 shows the time for the alternative computation (evaluation the
inverse of the union matrix). The results indicate that although the alternative
computation is expensive as compared to approximation for small walks, it is
comparable when compared to approximation for long walks. Longer walks, in general,
lead to higher accuracy (refer Figure 60) but after a certain walk length, we have
diminishing returns in the sense that the extra expense of computation does not buy us
better predictive accuracy. So the predictive accuracy flattens out at a particular walk

length where approximation by matrix multiplication turns to be cheaper. In general, it
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must be noted that approximation of the kernel by matrix multiplication may turn out to

be cheaper that the alternative computation in practice for smaller walk sizes.
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Figure 60. Effect of the length of Walks on the Accuracy
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6.3 Discussion

The observation that the language of label sequences in a labeled graph is a regular
language is important as it can be the starting point for applying a number of results

from automata theory to compute graph kernels.
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7 Conclusions and Future Work

The conclusions of our work can be summarized as follows.

1.

We developed a novel class of pruning mechanisms for searching the space of
subgraph features. These pruning mechanisms are independent of the model
building step and be applied to a number of approaches to graph classification
and regression. These pruning mechanisms drastically reduce the search space
and reduce the computational time with no discernable loss of predictive
accuracy.

We developed a novel algorithm for graph regression called gRegress. Our
algorithm outperforms previously introduced algorithms on graph regression and
represents the current state of the art in graph regression.

We developed an alternative approach for the computation of the Walk-based
kernel for graph classification. Although this approach was not able to outperform
the current approach for the computation, it is an interesting direction in the faster
computation of graph kernels.

We demonstrated that certain problems domains with respect to graph
regression, in a sense, require multiple linear models. Models which are at their
core based on single linear function perform poorly as compared to models
based on combinations of linear models.

We demonstrate that in certain cases, incorporating structural features can
drastically improve the performance of predictive models as compared to models

based only on attribute valued features.
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We plan to pursue the following as a part of our future work.

1.

With regards to pruning mechanisms, the relationship between the a, f
parameters and the size of the search space needs to be better characterized.
We currently have a very coarse picture of how the search space varies with «
and S. A better understanding of this relationship is central to the efficient
extraction of subgraph features.

While we introduced pruning mechanisms for extracting one maximal set of
features under the a, B constraints there are many sets of subgraph features
which satisfy these constraints. The quality (with respect to the regression model
based on these features) of these sets needs to be further investigated.

Thea, f parameters are user defined parameters and the user needs to select
them appropriately. A significant improvement would be replacing these user
defined parameters with a parameter selection process. Relationships between
the a, B parameters and the size of the search space could be exploited to
perform this search efficiently.

The gRegress algorithm needs to be further tested on additional datasets. While
we have demonstrated the need for a combination of linear models results on
additional data sets would strengthen our claim.

The formulation of graph kernels in terms of problems from automata theory is
an important direction in developing new graph kernels. As we have established
that the language of walks is regular and leveraged these results to facilitate
faster computation, we can apply this idea to other features spaces such as

trees to develop new graph kernels.
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